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IHTRODUCT I O N  

The main ob jec t ive  of t h i s  research  p r o j e c t  is  t o  perforn t h e  
elastic and v i s c o e l a s t i c  ana lys i s  of two-dimensional problems with 
star-shaped boundaries by t h e  method of complex va r i ab le s .  
successfu l  app l i ca t ion  of t h i s  method r equ i r e s  t h e  mapping of a given 
reg ion  conformally onto a u n i t  c i r c l e ,  t h e  first phase of t h e  research  
is devoted t o  the developnent of a simple method of der iv ing  s a t i s f a c t c r y  
mapping func t ions .  The work covering t h e  p a r t  of this phase of research ,  
which was submitted as t h e  f irst  semi-annual r e p o r t  (Feb. 1, 1964 t o  
J u l y  31, 19641, subsequently r e su l t ed  i n  t h e  fol lowing publicatior-:  

Since a 

R i n ; ,  K . ,  and S ta f fo rd ,  R. O . ,  "Derivation of Mapping Functions 
for Star-Shaped Regions," EASA CR-192, NASA, Washington, 3 .  C . ,  
March, 1965. 

?he above r epor t  i l l u s t r a t e s  t h e  h i t h e r t o  unrecognized r o l e  played by 
t h e  Schwarz-Christoffel  transfor?;.ation ig the derivat ior ,  of re1ativel-y 
simple mapping func t ions  f o r  seemingly complicated regions.  

During t h e  per iod covered by t h i s  s t a t u s  r e p o r t ,  research 
e f f o r t  was concentrated on 

(a)  
( b )  

( c )  

f u r t h e r  study on s impl i f i ca t ion  of mapping func t ions ,  
development of  simple methods for  i n t e r i o r - t o - i n t e r i o r  
mapping, and 
review of t h e  formulations f o r  e l a s t i c  ana lys i s ;  and 
d i r e c t i o n  of succeeding research.  

These t h r e e  areas of  e f f o r t  w i l l  be explained i n  d e t a i l  i n  t h e  following 
t e x t .  
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FURTHER STUDY ON SIMPLIFICATION OF MAPPING FUNCTIOXS 

Previous inves t iga to r s  ( ref .  1 and 2 )  have developed s e v e r a l  
techniques f o r  cons t ruc t ing  approximate mapping func t ions .  The 
au thors  (ref.  3 )  have also developed a rather  simple method of con- 
s t r u c t i n g  mapping func t ions  f o r  complicated symmetric polygons. 
However, t h e  aforementioned methods have a common drawback i n  t h a t  
t h e i r  app i i ca t ion  t o  complex geometric f i g u r e s  r e q u i r e s  extensiv-  fi use  
of a high-speed digital  computer and r a t h e r  complicated programming. 

To a l l e v i a t e  t h e  requirements of complicated mathematical 
a n a l y s i s  and soph i s t i ca t ed  computer programs, t h e  au thors  have con- 
s idered  some new and simpler methods of cons t ruc t ing  approximate 
mapping funct ions.  
func t ion  t o  be a power series of a complex v a r i a b i e ,  and by imposing 
c e r t a i n  r e s t r i c t i o n s  on t h e  geometries, one can apply t h e  theory of 
orthogonal func t ions  and develop a completely genera l  and very simple 
formula for  de te rmining- the  c o e f f i c i e n t s  of t h e  power series. 
cursory development of t h e  method w i l l  se rve  t o  i l lus t ra te  i ts  s impl i c i ty  
and gene ra l i t y .  

I t  has  been found t h a t  by assuming t h e  ma?ping 

A 

Consider a genera l  geometric f i g u r e  i n  the z-plane which is  t o  
be mapped onto a circle ( r ad ius  3) i n  t h e  r;-plane. T o  i l l u s t r a t e  an 
importent s p e c i f i c  app l i ca t ion  and 
polygon with 2m axes of symmetry 

IY 

corresponding s impl i f i ca t ions ,  a 
is snown. 

5 -plane 
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In  genera l ,  it could not  be expected t h a t  and e2 would be 
connected by any r a t i o n a l  expression (ref.  2 ,  pp. 501-505). 
t o  t h e  development of approximate mapping func t ions  is t o  assume a r e -  
l a t i o n s h i p  between 0 and e2 . Consider t h e  s implest  poss ib l e  
r e l a t i o n ,  t h a t  81 = 8 , .  This assumption r equ i r e s  t h a t  R be a 
s i n g l e  valued funct ion of el. O f  course,  more genera l  r e l a t i o n s h i p  
may be  assumed, but only t h e  simplest  case is presented here  f o r  
i l l u s t r a t i o n .  

The key 

Now t a k e  z = f ( 5 )  t o  be a power s e r i e s  i n  5 with constant  
c o e f f i c i e n t s ;  

t h e  foriii of the  power series w i l l  Ceterriline t h e  type  of iiiappipg:, an 
ex te r io r - to -ex te r io r  mapping funct ion is  shown. .When c r aelO, 
t h e  power series must f i t  t h e  polygon, i .e. ,  

-i.(l- jm)e Multiplying t h i s  equation by e > 

and i n t e g r a t i n g  it with respec t  t o  8 over one per iod ,  w e  ob ta in  

2a -- 
I?,(e)(ccs kme t i s i n  kme) de,  

2n 
- ma 

Ak - 
'0 

s i n c e  

( 2 ?  

The i n t e g r a l  i n  equation ( 2 )  inay be r e a d i l y  evaluated as l cng  as 
satisfies t h e  D i r i c h l e t  condi t ions over t h e  s p e c l f i e l  i n t e r v a l .  

R ( e i  
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m 
A k = -  1 a. 

'IT i=1 1 

4 

cos km e d6 
cos(ai  - e)  

Now consider t h e  s p e c i a l  case of a u n i t  c i r c l e  In  t h e  r;-plane 
and a polygon with 2m axes of symmetry. The func t ion  R ( g )  can 
a r b i t r a r i l y  be made an even funct ion,  t hus  Ak w i l l  be real. Since 
a polygon is cosposed of s t r a i g h t  l i n e  segmerits, an a n a l y t i c  expression 
can be w r i t t e n  f o r  R ( e ) .  L e t  t h e r e  be n s t r a i g h t  l i n e  segments 
between e = 0 and n/m (n = 3 i s  shown), and l e t  po in t s  A arid B 
denote t h e  end po in t s  of t h e  i - t h  l i n e  segment. 

Let ai and ai measure t h e  length and o r i e n t a t i o n  of a vec tor  per- 
pendicular  t o  t h e  i - t h  l i n e  segment, and l e t  Bi- a3d 8. be t h e  
angles  of t h e  end po in t s  of t he  l i n e  segment. 
symmetry, equation ( 2 )  reduces t o  

Thenlby consiaer ing 

( 3 )  

J e. 1-1 

Trigonometric integrals of t h e  type shown i n  equat ions ( 2 )  and 
( 3 )  cannot be accura te ly  evaluated by s tandard quaarature  formulas, but  
they  can be e a s i l y  computed t o  seven d i g i t  accuracy using a v a r i a t i o n  
of Simpson's r u l e  developed by i. X .  S. Filon (ref. 4) i n  1928. This 
method has been appl ied  t o  seve ra l  symmetric polygonal shapes with 
marked success.  However, t h e  r e s t r i c t i o n  t h a t  = e2 CR(0,) is s i n g l e  
valued] 
can be  t r e z t e d  with the  Schwarz-Christoffel t ransformation.  
p a r t i c u l a r  r e s t r i c t i o n  may be removed by assuming more genera l  r e l a -  
t i o n s h i p  between e l  tind 

l i m i t s  t h e  present  method t o  a sub-group of t h e  polygons t h a t  
This 

The power and gene ra l i t y  of t h e  present  method is seen by cor- 
par i son  t o  t h e  o the r  approximcte methods of cons t ruc t in2  mappiag Eunz- 
t i o n s .  I n  general, previous approximzte methods involve some v a r i a t i c n  
of t h e  co l locdt ion  technique, which r equ i r e s  an ex tens ive  computer 
programming e f f o r t  ( r e f .  5 )  and often y i e l d s  l a r g e  polynomials. 
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The mapping func t ions  der ived by t h e  present  method can be 
r e a d i l y  ca l cu la t ed  for any closed c u r v i i i n e a r  shape, and reduce t o  
t h e  very simple equat ion ( 3 )  f o r  polygonal shapes. 
r e a d i l y  show t h a t  t h e  c o e f f i c i e n t s  

k bes t  f i t  t o  t h e  boundary i n  the  sense of minimizing t h e  square of t h e  
e r r o r .  Thus t h e  gene ra l f ty  and s i m p l i c i t y  of t h i s  method recommend 
it over t h e  o t h e r  approximate methods. 
w i l l  be  presented i n  t h e  repor t  which is  being prepared f o r  publ ica t ion .  

Also, one can 
A ,equation (21 ,  w i l l  g ive  t h e  

The d e t a i l s  of t h i s  method 

INTERIOR-TO-INTERIOR MAPPING 

Simple methods f o r  mapping t h e  i n t e r i o r  o f  a u n i t  c i r c l e  onto 
t h e  i n t e r i o r  of a given region are developed i n  a similar manner as i n  
t h e  au thors '  previous work ( r e f .  3 and t h e  preceding de r iva t ions ) .  
For t h e  i n t e r i o r - t o - i n t e r i o r  mapping, t h e  converse of Remark I1 (given 
on p. 1 2 ,  ref. 3 ,  f o r  t h e  ex te r io r - to -ex te r io r  mapping) holds t r u e ,  and 
Figures 8 through 17 given i n  ref.  3 exh ib i t  completely d i f f e r e n t  t r ends .  

These mapping funct ions are needed i n  t h e  stress a n a l y s i s  of 
such common mechanical components as gea r s  and sp l ined  s h a f t s .  Accurate 
deternilnation of stress concentrat ion f a c t o r s  i s  p r e r e q u i s i t e  t o  minimum 
weight design;  and accura te  stress a n a l y s i s  of such components r equ i r z s  
p r e c i s e  mapping func t ions .  
t h e  c a p a b i l i t y  of analyzing these  and o t h e r  v i t a l  machine elements. A s  
an example, a sp l ined  s h a f t  with sharp r e e n t r a n t  corners  was analyzed 
and a s t r e s s  concentrat ion f a c t o r  about 4 was obtaified: This i s  higher 
than  any previously reported ana ly t i c  so lu t ion .  It should be noted 
t h a t  such a problem would not  only defy s o l u t i o n  by known numerical 
methods, but  would also present  g r e a t  experimental  d i f f i c u l t i e s .  
r e s u l t s  w i l l  a l s o  be presented i n  t h e  r e p o r t  being prepared for pu.bli- 
cat ion. 

Hence t h e s e  mapping func t ions  w i l l  enhance 

These 

RESEARCH FOR THE SUCCEEEING HALF YEAR 

Since t h e  ana lys i s  of two-dimensional e l a s t i c i t y  problems by 
t h e  method of complex var iab les  has been reasonably w e l l  formulated an? 
t h e  requi red  mapping func t ions  are now a v a i l a b l e ,  t h e  inves t iga to r s  
w i l l  concent ra te  on t h e  v i s c o e l a s t i c  a n a l y s i s  of star-shaped reg ions  
with time-dependent boundaries. 
t h e  s t e p s  ou t l ined  i n  t h e  o r i g i n a l  proposal t o  NASA. 

The i n v e s t i g a t o r s  w i l l  c lo se ly  follow 

A t  t h e  same t i m e ,  a general  numerical method of solving b i -  
harmonic boundary-value problems w i l l  be developed. 
no t  r e q u i r e  t h e  use of mapping func t ions  and would provide independent 
so lu t ions  which might be used t o  v e r i f y  o the r  a n a l y t i c a l  r e s u l t s .  
descr ibed i n  t h e  o the r  proposal,  it involves  t h e  numerical so lu t ion  cf  
i n t e g r a l  equat ions r e s u l t i n g  from t h e  p o t e n t i a l  theory.  

This method does 

As 
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